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1. INTRODUCTION
An interesting question in the representation theory of the symmetric
w xgroup S which has received attention recently 1, 2, 4, 10 is then
following. When is the tensor product of two irreducible modules, each of
w xdimension greater than 1, itself irreducible? Bessenrodt and Kleshchev 2
have shown that this occurs only when n is even and the modules are over
a field of characteristic 2.
Throughout this paper, we shall work over a field F of characteristic 2.
The irreducible F S -modules Dl are indexed by the 2-regular partitionsn
l of n; recall that a partition is 2-regular if all its parts are distinct.
w x l mBessenrodt and Kleshchev 2 proved, in addition, that D m D is irre-
ducible only if all the parts of l have the same parity or all the parts of m
w xhave the same parity. On the other hand, Gow and Kleshchev 4 conjec-
l m Ž l m .tured that D m D is irreducible with dim D ) 1 and dim D ) 1 if
and only if n s 4 l q 2 for some integer l, and one of l and m is
Ž . Ž .2 l q 2, 2 l and the other has the form 4 l q 1 y 2 j, 2 j q 1 with 0 F j - l.
Moreover, they conjectured that
DŽ2 lq2, 2 l . m DŽ4 lq1y2 j , 2 jq1. ( DŽ2 lq1yj , 2 lyj , jq1, j. .
In this paper, we contribute to the investigation of tensor products by
proving the above isomorphism.
w x Ž2 lq1yj, 2 lyj, jq1, j.By 4, Theorem 3.4 , the module D is a composition
factor of DŽ2 lq2, 2 l . m DŽ4 lq1y2 j, 2 jq1., so it is enough to prove the following
1Present address: School of Mathematics and Statistics, Birmingham University, Edgbas-
ton, Birmingham B15 2TT, United Kingdom.
767
0021-8693r00 $35.00
Copyright Q 2000 by Academic Press
All rights of reproduction in any form reserved.
GRAHAM AND JAMES768
equation:
dim DŽ2 lq1yj , 2 lyj , jq1, j. s 22 l dim DŽ4 lq1y2 j , 2 jq1. . 1.1Ž .
Here, we have used the well known fact that DŽ2 lq2, 2 l . has dimension
2 l Ž w Ž .x Ž2 lq2, 2 l . .2 see 5, 5.7 iv }D is the basic spin module for F S .4 lq2
m wIn principle, the dimension of D is known for all 2-part partitions m 5,
x5.2, 6, 24.15 ; however, the dimension is not known when m is a general
Ž .3-part partition, and to prove Eq. 1.1 we must deal with the 4-part
Ž .partitions 2 l q 1 y j, 2 l y j, j q 1, j . We are fortunate that for exactly
these 4-part partitions g a special method is available to determine
dim Dg.
2. A STRATEGY FOR CALCULATING DIMENSIONS
Ž .The aim of this section is to reduce the proof of Eq. 1.1 to a
combinatorial problem.
We fix the notation that n s 4 l q 2 and 0 F j - l and
g s 2 l q 1 y j, 2 l y j, j q 1, j .Ž .
The notation l & n and m * n means that l is a partition of n and m is
a composition of n.
A 2-core is a partition from which no 2-hooks can be removed; for
Ž . Ž .example, 3, 2, 1 and 4, 3, 2, 1 are 2-cores. Given a partition l, its 2-core
is obtained by removing 2-hooks from l as often as possible, and the
2-weight of l is the number of 2-hooks which are removed to obtain the
2-core. The 2-quotient of l is a certain ordered pair of partitions of
w xintegers whose sum is the 2-weight of l 8, 2.7.29 .
Ž .2.1 EXAMPLES. i Suppose that j s 2k. Then
g s 3, 2, 1 q 2 l y k y 1, l y k y 1, k , kŽ . Ž .
Ž .and g has 2-core 3, 2, 1 and 2-weight 2 l y 2. The 2-quotient of g is
l y k y 1, l y k y 1, k , k , 0 .Ž . Ž .Ž .
Ž .ii Suppose that j s 2k q 1. Then
g s 4, 3, 2, 1 q 2 l y k y 2, l y k y 2, k , kŽ . Ž .
Ž .and g has 2-core 4, 3, 2, 1 and 2-weight 2 l y 4. The 2-quotient of g is
0 , l y k y 2, l y k y 2, k , k .Ž . Ž .Ž .
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Ž w x.2.2 DEFINITION cf. 7, Sect. 2 . Suppose that w is a non-negative
integer. Let r be a partition of w, and let m be a partition of 2w whose
Ž . Ž .2-core is the partition 0 . Suppose that a , b is the 2-quotient of m, and
Ž . r Ž .let k r, m be the Littlewood]Richardson coefficient K . Let « m s 1ab
if the number of horizontal 2-hooks removed from m to reach the partition
Ž . Ž .0 is even, and let « m s y1, otherwise. Define
w
m s y1 « m k r , m .Ž . Ž . Ž .rm
2.3 EXAMPLES. Let M Žw . be the matrix whose rows are indexed by
partitions r of w with at most two parts, and whose columns are indexed
Ž .by partitions m of 2w with 2-core 0 and at most four parts, and let the
Ž . Žw .r, m entry in M be m .rm
Then M Ž2. is the following matrix
4 31 22 212 14Ž . Ž . Ž . Ž . Ž .
2 1 y1 1 0 0Ž .
21 0 0 1 y1 1Ž .
Also, M Ž3. is the following matrix
6 51 42 412 32 313 23 2212Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .
3 y1 1 y1 0 1 0 0 0Ž .
21 0 0 y1 1 1 y1 y1 1Ž .
Žw . wFurther examples of the matrices M may be culled from 7, Appendix
x2 .
2.4 DEFINITION. Suppose that r is a non-negative integer. Let D ber
the decomposition matrix of the Schur algebra for r, defined over a field of
w x Ž .characteristic 2. We label the rows and columns of D as in 7 ; thus, r ,r
Ž r .not 1 , is the label of the row which is guaranteed to have exactly one
non-zero entry.
Ž .For partitions l, m of r, let d be the l, m entry in D and let c belm r lm
Ž . y1the l, m entry in D .r
It is well known that if we omit the columns of D whose labels are notr
2-regular, then we obtain the 2-modular decomposition matrix of S .r
Hence we have the following result:
dim Dg s c dim Sn . 2.5Ž .Ý gn
n&n
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Here, Sn is the Specht module for the partition n . Note that, in the sum,
c is non-zero only if g and n have the same 2-core and n has at mostgn
four parts.
The dimension of Sn is known. For example, it is given by the hook
w xformula 6, Chap. 20 .
Ž .2.6 PROPOSITION. i Suppose that j s 2k and that n is a partition of n
Ž . Ž .with 2-core 3, 2, 1 and at most four parts. Write n s 3, 2, 1 q 2n . We ha¤e
c s c m if the 2-core of n is 0 ;Ž .Ýgn Ž lyky1, k . , m mn
m&ly1
c s 0 otherwise.gn
Ž .ii Suppose that j s 2k q 1 and that n is a partition of n with 2-core
Ž . Ž .4, 3, 2, 1 and four parts. Write n s 4, 3, 2, 1 q 2n . We ha¤e
c s c m if the 2-core of n is 0 ;Ž .Ýgn Ž lyky2, k . , m mn
m&ly2
c s 0 otherwise.gn
Ž .Proof. i Suppose that j s 2k.
w xBy Erdmann’s theorem 3 , we have
d s d .gn Ž lyky1, lyky1, k , k . , n
ŽFor this equation, note that our labels for the rows and columns of
decomposition matrices of Schur algebras are the conjugates of those used
.by Erdmann.
Hence
c s c .gn Ž lyky1, lyky1, k , k . , n
w xBut, by 7, Rule 5.5 , we have
c s c m if the 2-core of n is 0 ;Ž .ÝŽ lyky1, lyky1, k , k . , n Ž lyky1, k . , m mn
m&ly1
c s 0 otherwise.Ž lyky1, lyky1, k , k . , n
Ž .This completes the proof of part i of the proposition. The proof of part
Ž .ii is similar.
Now, c is known for all a , b when a has two parts. Therefore, Eq.ab
Ž . g2.5 and Proposition 2.6 allow us, in principle, to determine dim D .
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Ž .2.7 EXAMPLES. i Consider n s 18. Then l s 4
Ž2. Ž .The matrix C whose a , b entry is c for all partitions a , b of 2 isa b
2 12Ž . Ž .
Ž2. 2 1 0Ž .C s
21 y1 1Ž .
Using Example 2.3, we obtain
4 31 22 212 14Ž . Ž . Ž . Ž . Ž .
Ž2. Ž2. 2 1 y1 1 0 0Ž .C M s
21 y1 1 0 y1 1Ž .
Let v be the column vector which is the transpose of
dim S Ž12, 3, 2, 1. , dim S Ž10, 5, 2, 1. , dim S Ž8, 7, 2, 1. , dim S Ž8, 5, 4, 1. , dim S Ž6, 5, 4, 3.Ž .
s 182784, 1175040, 1131520, 3055104, 3734016 .Ž .
Ž . Ž . Ž2. Ž2.Then Eq. 2.5 and Proposition 2.6 ii show that C M v is the column
vector which is the transpose of
dim DŽ8, 7, 2, 1. , dim DŽ6, 5, 4, 3. .Ž .
Hence
dim DŽ8, 7, 2, 1. s 139264 s 28.544 and
dim DŽ6, 5, 4, 3. s 1671168 s 28.6528.
Ž . Ž3.ii The reader may care to use M from Example 2.3 to check that
dim DŽ10, 9, 2, 1. s 1146880 s 210 .1120 and
dim DŽ8, 7, 4, 3. s 63504384 s 210 .62016.
3. THE CALCULATION OF DIMENSIONS
We shall now use the strategy presented in the last section to evaluate
g Ž .dim D and to show that Eq. 1.1 holds. The details of the proof depend,
to an extent, upon whether or not j is even.
Ž .3.1 Notation. i Suppose that j s 2k. Let w s l y 1. Let m s
Ž .m , m be a partition of w with at most two parts.1 2
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Let
Ž3, 2, 1.q2nN s m dim S ,Ým mn
where the sum is over
n & 2w : n has at most four parts and n has 2-core 0 . 4Ž .
Ž . Ž .ii Suppose that j s 2k q 1. Let w s l y 2. Let m s m , m be a1 2
partition of w with at most two parts.
Let
Ž4, 3, 2, 1.q2nN s m dim S ,Ým mn
where the sum is over
n & 2w : n has at most four parts and n has 2-core 0 . 4Ž .
Ž . g3.2 PROPOSITION. i If j s 2k then dim D s Ý c N .m& w Ž lyky1, k ., m m
Ž . gii If j s 2k q 1 then dim D s Ý c N .m& w Ž lyky2, k ., m m
Ž .Proof. We obtain this result by applying Proposition 2.6 to Eq. 2.5 .
A series of lemmas now leads us to the expression for N which appearsm
in Proposition 3.18. Up until that proposition, m will be a fixed partition of
w with at most two parts.
Ž . Ž . Ž .3.3 Notation. i Let d s 3, 2, 1, 0 and 1 s 1, 1, 1, 1 .
Ž . Ž .ii Given a composition l s l , l , l , l of n into at most four1 2 3 4
parts, let
nn s .ž / l l l lž /l 1 2 3 4
w xThe determinantal form 6, Sect. 19 gives the following.
Ž .3.4 For all partitions l of n, with at most four parts, we ha¤e
nldim S s sgn p ,Ý ž /l q d q 1 y p
pgS 4
Ž .where p s p 1, p 2, p 3, p 4 .
Next, we examine the integers m which appear in the definition of N ,mn m
and which were introduced in Definition 2.2.
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Ž .Recall that m s m , m & w. If a and b are partitions of integers1 2
whose sum is w, then the Littlewood]Richardson coefficient K m is zero,ab
unless the following conditions hold, in which case K m s 1.ab
Ž .3.5 The partitions a and b ha¤e at most two parts and
a q b F m F a q b F m .2 2 2 2 1 1
Next, note that for a partition n of 2w, with at most four parts, the
Ž . Ž .2-core of n is 0 and the 2-quotient of n is a , b if and only if n q d has
the same parts as the composition
2b q 3, 2a q 2, 2b q 1, 2a ,Ž .1 1 2 2
Ž .and « n s sgn s , where s is the permutation in S which sorts the4
composition into a partition.
Ž .3.6 LEMMA. i Suppose that j s 2k. Then
w nN s y1 sgn p ,Ž . Ý Ým ž /x q 1 y p
xgJ pgS1 4
where
J s x s x , x , x , x * n q 6 : Ž .1 1 2 3 4
x ’ x ’ 2 mod 41 3
x ’ x ’ 0 mod 42 4
x q x F 4m q 23 4 2
44m q 6 F x q x F 4m q 6 .2 1 4 1
Ž .ii Suppose that j s 2k q 1. Then
w nN s y1 sgn p ,Ž . Ý Ým ž /x q 1 y p
xgJ pgS2 4
where
J s x s x , x , x , x * n q 6 : Ž .2 1 2 3 4
x ’ x ’ 3 mod 41 3
x ’ x ’ 1 mod 42 4
x q x F 4m q 43 4 2
44m q 8 F x q x F 4m q 8 .2 1 4 1
Ž .Proof. i Suppose that j s 2k. By Result 3.4, we have
nN s m sgn p ,Ý Ým mn ž /2n q 2d q 1 y p
pgS 4
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where the first sum is over
n & 2w : n has at most four parts and n has 2-core 0 . 4Ž .
Moreover, we obtain a contribution to the sum only if m / 0, and formn
this, we require that n q d has the same parts as a composition
2b q 3, 2a q 2, 2b q 1, 2a ,Ž .1 1 2 2
where K m / 0. But thenab
2n q 2d s 4b q 6, 4a q 4, 4b q 2, 4a s x, say,Ž .1 1 2 2
and
a q b F m F a q b F m .2 2 2 2 1 1
Ž .The relevant compositions x are given by J , and part i of the proposi-1
tion follows.
Ž .The proof of part ii is similar.
Ž .3.7 Notation. Let v s v , v be the partition of n which is given by1 2
v s 4m q 5, 4m q 1 if j s 2k ;Ž .1 2
4m q 7, 4m q 3 if j s 2k q 1.Ž .1 2
Ž .Let V be the set of compositions x s x , x , x , x of n q 6 such that1 2 3 4
x q x ’ x q x ’ v q 1 mod 41 4 3 4 2
and x q x F v q 13 4 2
and v q 5 F x q x F v q 1.2 1 4 1
Moreover, let
 4V s x g V : x ’ x q 2 mod 4 ,1 3 4
 4V s x g V : x ’ x mod 4 .2 3 4
The following notes on the set V are easy to check.
3.8 NOTES. Assume that x g V. Then the following results hold.
Ž .a x ’ x mod 4.1 3
Ž .b x ’ x mod 4.2 4
Ž .c x ’ x mod 2. Hence V s V j V .3 4 1 2
Ž .d v q 5 F x q x .1 1 2
Ž .e Suppose that a q b s n q 6. Then
v q 5 F a F v q 1 m v q 5 F b F v q 1.2 1 2 1
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Ž .f Suppose that j is e¤en. If x g V then e¤ery x is e¤en, and if1 i
x g V then e¤ery x is odd.2 i
Suppose that j is odd. If x g V then e¤ery x is odd, and if x g V then1 i 2
e¤ery x is e¤en.i
Ž .  4g If j is e¤en then J s x g V : x ’ 0 mod 4 .1 4
 4If j is odd then J s x g V : x ’ 1 mod 4 .2 4
3.9 LEMMA. We ha¤e
n nsgn p s 2 sgn p ,Ý Ý Ý Ýž / ž /x q 1 y p x q 1 y p
xgV pgS xgJ pgS1 4 4
where J s J if j is e¤en, and J s J if j is odd.1 2
Ž . Ž . Ž .Proof. Using Notes 3.8 a , b , and e we have
x , x , x , x g V m x , x , x , x g V .Ž . Ž .1 2 3 4 1 2 1 4 3 1
Ž .Suppose that x g V . By Note 3.8 f , if j is even then precisely one of1
x , x is congruent to 0 mod 4; and if j is odd then precisely one of x , x3 4 3 4
is congruent to 1 mod 4. The result of the lemma now follows, by applying
Ž .Note 3.8 g .
Our next lemma is similar to Lemma 3.9, but this time, we sum over x in
V , instead of x in V .2 1
3.10 LEMMA. We ha¤e
nsgn p s 0.Ý Ý ž /x q 1 y p
xgV pgS2 4
Proof. For x g V we have x ’ x ’ x ’ x mod 4. Define the func-2 1 2 3 4
tion c , mapping V to itself, by2
c x s x , x , x , x if x q x F v q 1;Ž . Ž .1 3 2 4 2 4 2
s x , x , x , x if v q 5 F x q x F v q 1;Ž .2 1 3 4 2 2 4 1
s x , x , x , x if v q 5 F x q x .Ž .4 2 3 1 1 2 4
Ž Ž .For the third case in the definition of c x , note that
v q 5 F x q x m x q x F v q 1..1 2 4 1 3 2
Ž . Ž .Using Note 3.8 d , we see that cc x s x.
Now,
nn s ,ž / ž /c x q 1 y tŽ .x q 1 y p
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where pty1 is a transposition. Since sgn t s ysgn p , the result of the
lemma follows.
By combining the last two lemmas with Lemma 3.6 we obtain the
following.
3.11 COROLLARY. Whether j is e¤en or odd, we ha¤e
1 w nN s y1 sgn p .Ž . Ý Ým ž /x q 1 y p2 xgV pgS 4
3.12 LEMMA. For all integers n, x, y we ha¤e
nnn s ,Ýž / yž / ž /x abcd
Ž .the sum being o¤er all compositions a, b, c, d of n such that a q d s x and
c q d s y.
Ž .Proof. Count the number of choices for an ordered pair X, Y of
 4 < < < <subsets of 1, 2, . . . , n with X s x and Y s y. The obvious count gives
nnŽ .Ž . choices. On the other hand, we may choose disjoint subsets A, C, Dyx
nŽ .and let X s A j D and Y s C j D, and this gives Ý choices.abcd
3.13 LEMMA. Let
 4P s p g Z : 0 F p F v q 1 and p ’ v q 1 mod 42 2
and
 4Q s q g Z : v q 5 F q F v q 1 and q ’ v q 1 mod 4 .2 1 2
We ha¤e
1 w
N s y1 R S y T U ,Ž . Ž .Ý Ým n , p n , q n , p n , q2 pgP qgQ
where
n y 1 n y 1 n y 1 n y 1
R s y y qn , p ž / ž / ž / ž /p y 2 p y 3 p y 4 p y 5
n y 1 n y 1 n y 1 n y 1
S s y y qn , q ž / ž / ž / ž /q y 1 q y 2 q y 5 q y 6
n y 1 n y 1 n y 1 n y 1
T s y y qn , p ž / ž / ž / ž /p y 1 p y 2 p y 5 p y 6
n y 1 n y 1 n y 1 n y 1
U s y y q .n , q ž / ž / ž / ž /q y 2 q y 3 q y 4 q y 5
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Proof. For each pair of integers p and q, consider
n ,Ý ž /x q 1 y p
where the sum is over those x g V such that x q x s p and x q x s q.3 4 1 4
By Lemma 3.12, we have
n nn s .Ý ž / ž / ž /p q 2 y p 3 y p 4 q q 2 y p 1 y p 4x q 1 y p
By applying Corollary 3.11, this gives
1 nw
N s y1 sgn pŽ . Ý Ý Ým ž /p q 2 y p 3 y p 42 pgP qgQ pgS 4
n
= ,ž /q q 2 y p 1 y p 4
where P and Q are defined in the statement of the lemma.
Now,
n n
sgn pÝ ž / ž /p q 2 y p 3 y p 4 q q 2 y p 1 y p 4
pgS 4
n y 1 n y 1s sgn p qÝ ž / ž /ž /p q 2 y p 3 y p 4 p q 1 y p 3 y p 4
pgS 4
n y 1 n y 1
= q .ž / ž /ž /q q 2 y p 1 y p 4 q q 1 y p 1 y p 4
By Lemma 3.14, below, the last sum reduces to
R S y T U ,n , p n , q n , p n , q
as in the statement of Lemma 3.13, and this completes the proof.
3.14 LEMMA. For all integers x , x , . . . , x , y , y , . . . , y we ha¤e1 2 6 1 2 6
x y x y x q x y y y y y q yŽ . Ž .2 3 4 5 1 2 5 6
y x y x y x q x y y y y y q yŽ . Ž .1 2 5 6 2 3 4 5
s sgn p x q x y q y .Ž . Ž .Ý p 3qp 4y2 p 3qp 4y1 p 1qp 4y2 p 1qp 4y1
pgS 4
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Proof. Let x and y be indeterminates. The Vandermonde determinant
2 31 y y y
1 1 1 1
2 31 x x x
2 31 xy xy xyŽ . Ž .
may be evaluated in two ways, to yield
1 y y x y y xy y y x y 1 xy y 1 xy y xŽ . Ž . Ž . Ž . Ž . Ž .
p 4y1p 1y1 p 2y1 p 3y1s sgn p y 1 x xy .Ž .Ý
pgS 4
Ž .Ž .Multiply by x q 1 y q 1 to obtain
x 2 y x 3 y x 4 q x 5 y y y2 y y5 q y6Ž . Ž .
y x y x 2 y x 5 q x6 y2 y y3 y y4 q y5Ž . Ž .
s sgn p xp 3qp 4y2 q xp 3qp 4y1 yp 1qp 4y2 q yp 1qp 4y1 .Ž . Ž .Ý
pgS 4
View each side of the last equation as a polynomial in x with coeffi-
w x icients in Z y . For each integer i with 1 F i F 6, the coefficient of x is
the same on both sides. Hence, for all integers x , . . . , x we have1 6
x y x y x q x y y y2 y y5 q y6Ž . Ž .2 3 4 5
y x y x y x q x y2 y y3 y y4 q y5Ž . Ž .1 2 5 6
s sgn p x q x yp 1qp 4y2 q yp 1qp 4y1 .Ž . Ž .Ý p 3qp 4y2 p 3qp 4y1
pgS 4
For each integer i with 1 F i F 6, the coefficient of y i is the same on both
sides of the last equation, so the equation in the statement of the lemma
follows.
3.15 DEFINITION. For each integer m let
x m s 1 if m ’ 0, 1 mod 4;Ž .
y1 if m ’ 2, 3 mod 4.
By using the function x , we can readily simplify certain sums, as follows.
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Ž .3.16 Define P, Q, R , S , T , U as in the statement of Lemman, p n, q n, p n, q
3.13. Then we ha¤e the following.
v y12
n y 1Žv y1.r22Ž . Ž . Ž .i y1 R s x m .Ý Ýn, p ž /m
pgP ms0
n y 1 n y 1Ž .ii S s 2 y 2 .Ý n, q vž /v y 1ž / 22qgQ
n y 1n y 1Ž .iii T y .Ý n, p vž / v y 1ž /2 2pgP
v y11
n y 1Žv y1.r22Ž . Ž . Ž .iv y1 U s x m .Ý Ýn, q ž /m
msvqgQ 2
3.17 LEMMA. We ha¤e
ny11 n y 1n y 1l n y 1N s y1 x m y .Ž . Ž .Ým ž / vž / v y 1m ž /ž /2 22 ms0
Ž .wŽ .Žv 2y1 .r2 Ž . ly1Proof. Note first that y1 y1 s y1 .
By Lemma 3.13 and Result 3.16, we have
v y121 n y 1 n y 1ly1 n y 1N s y1 x m 2 yŽ . Ž .Ým ž / vž /v y 1m ž /ž /222 ms0
v y111 n y 1n y 1ly1 n y 1y y1 x m y .Ž . Ž .Ý ž / vž / v y 1m ž /ž /2 22 msv 2
n y 1 n y 1Ž . Ž .Since s andm n y 1 y m
m F v y 1 s n y v y 1 m n y 1 y m G v ,2 1 1
we may rearrange the last expression for N to obtain the equation in them
statement of the lemma.
We can now prove the first main result of this section.
3.18 PROPOSITION. We ha¤e
N s 22 l dim S Žv 1y1 , v 2 . .m
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Proof. We use the complex number i in the following argument. First,




n y 1x mŽ .Ý ž /m
ms0
1 1ny1 ny1s 1 y i 1 q i q 1 q i 1 y iŽ . Ž . Ž . Ž .
2 2
1 1ny2 ny2s 1 q i 1 y i 1 q i q 1 y i 1 y i 1 q i .Ž . Ž . Ž . Ž . Ž . Ž .
2 2
Ž .4 Ž .4But n ’ 2 mod 4, and 1 q i s 1 y i s y4, so
ny1
Ž . lny2 r4n y 1 2 lq1x m s y4 .2 s y1 2 .Ž . Ž . Ž .Ý ž /m
ms0
Finally, note that
n y 1n y 1 yvž / v y 1ž /2 2
Žv 1y1 , v 2 . w xis the dimension of the Specht module S for S 6, 14.4 , so theny1
proposition follows from Lemma 3.17.
Next, recall the Definition 2.4 of the integers c and d .lm lm
Ž . Ž . Ž .3.19 LEMMA. i Suppose that 4l q 4, 4l q 1 and n s n , n are1 2 1 2
partitions of n y 1. Then
d s c s 0Ž4l q4, 4l q1. , n Ž4l q4, 4l q1. , n1 2 1 2
unless n ’ 1 mod 4.2
Ž .If n s 4m q 4, 4m q 1 then1 2
c s c .Ž4l q4, 4l q1. , n Žl , l . , Ž m , m .1 2 1 2 1 2
Ž . Ž . Ž .ii Suppose that 4l q 6, 4l q 3 and n s n , n are partitions of1 2 1 2
n y 1. Then
d s c s 0Ž4l q6, 4l q3. , n Ž4l q6, 4l q3. , n1 2 1 2
unless n ’ 3 mod 4.2
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Ž .If n s 4m q 6, 4m q 3 then1 2
c s c .Ž4l q6, 4l q3. , n Žl , l . , Ž m , m .1 2 1 2 1 2
Ž . w xProof. i See 6, 24.12 for the definition of ‘‘a contains b to base 2.’’
w xBy 6, 24.15 we have
d s 1 if 4l y 4l q 4 contains n y 4l y 1 to base 2;Ž4l q4, 4l q1. , n 1 2 2 21 2
s 0 otherwise.
But 4l y 4l q 4 contains n y 4l y 1 to base 2 only if n ’ 1 mod 4.1 2 2 2 2
Ž .And, if n s 4m q 4, 4m q 1 then 4l y 4l q 4 contains n y 4l y 11 2 1 2 2 2
to base 2 if and only if l y l q 1 contains m y l to base 2; thus1 2 2 2
d s d .Ž4l q4, 4l q1. , Ž4m q4, 4m q1. Žl , l . , Ž m , m .1 2 1 2 1 2 1 2
Ž . Ž .Part i of the lemma now follows. The proof of part ii is similar.
3.20 PROPOSITION. We ha¤e
dim Dg s 22 l dim DŽ4 lq1y2 j , 2 jq1. .
Ž .Proof. i Assume that j s 2k. We have
dim Dg
s c N , by Proposition 3.2 iŽ .Ý Ž lyky1, k . , m m
m&ly1
s 22 l c dim S Ž4m1q4 , 4m 2q1 . , by Proposition 3.18Ý Ž lyky1, k . , m
m&ly1
s 22 l c dim S Ž4m1q4 , 4m 2q1 . ,Ý Ž4 ly4 k , 4 kq1. , Ž4m q4, 4m q1.1 2
m&ly1
by Lemma 3.19 iŽ .
s 22 l c dim Sn , by Lemma 3.19 iŽ .Ý Ž4 ly4 k , 4 kq1. , n
n&4 lq1
s 22 l dim DŽ4 ly4 k , 4 kq1.
s 22 l dim DŽ4 ly2 j , 2 jq1. .
Ž4 lq1y2 j, 2 jq1. Ž4 ly2 j, 2 jq1. w x ŽBut D xS s D by 5, 5.7 . This is a specialny1
w xcase of a theorem of Jantzen and Seitz 9 concerning irreducible modules
.for S which remain irreducible upon restriction to S .n ny1
Therefore,
dim Dg s 22 l dim DŽ4 lq1y2 j , 2 jq1. .
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Ž .ii Assume that j s 2k q 1. We have
dim Dg
s c N , by Proposition 3.2 iiŽ .Ý Ž lyky2, k . , m m
m&ly2
s 22 l c dim S Ž4m1q6 , 4m 2q3 . , by Proposition 3.18Ý Ž lyky2, k . , m
m&ly2
s 22 l c dim S Ž4m1q6 , 4m 2q3 . ,Ý Ž4 ly4 ky2, 4 kq3. , Ž4m q6, 4m q3.1 2
m&ly2
by Lemma 3.19 iiŽ .
s 22 l c dim Sn , by Lemma 3.19 iiŽ .Ý Ž4 ly4 ky2, 4 kq3. , n
n&4 lq1
s 22 l dim DŽ4 ly4 ky2, 4 kq3.
s 22 l dim DŽ4 ly2 j , 2 jq1.
s 22 l dim DŽ4 lq1y2 l , 2 jq1. .
By combining Proposition 3.20 with the discussion in our Introduction,
we obtain the main result of this paper, namely the following.
3.21 COROLLARY. Assume that 0 F j - l. Then
DŽ2 lq2, 2 l . m DŽ4 lq1y2 j , 2 jq1. ( DŽ2 lq1yj , 2 lyj , jq1, j. .
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